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Abstract
In this paper I investigate the role of an increasingly demanded class of green services, characterised by having strong roots in local communities, high human labour
intensity, flat labour productivity growth and a low impact on the environment. In
order to do so, I build an endogenous growth model with a progressive manufacturing sector and a stagnant service sector. Productivity growth in the former sector is
driven by the presence of a public stock of capital, representing infrastructure. The
progressive sector also generates a negative externality on an open-access renewable
resource that enters the households welfare function. I thus study the long-run behaviour of the economy and present a numerical example to analyse the transition
during which structural change takes place. Results show the possibility of a conflict
between growth and welfare by investigating the effects of a change in some relevant
policy and technological parameters.

1

Introduction

A vibrant debate has developed in recent years over the opportunity of a transition to a
“green” or “low-carbon” economy, considered by many as necessary in order to tackle the
connected challenges of climate change and resources depletion. In this context, two main
areas of analysis can be identified.
∗
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The first one relates to the idea that national governments could be able to direct
their economic systems on the road to sustainability through a set of public policies that
include: investments in more energy-efficient infrastructure; the introduction of stricter environmental standards; the implementation of fiscal instruments such as taxes on polluting
emissions or subsidies for R&D spending on green technology; and others (Barbier, 2009;
OECD, 2011; UNEP, 2011). Activities such as the restoration and conservation of environment, the retrofitting of buildings to improve energy conservation, the expansion of public
transportation infrastructure and the development of renewable sources of energy are considered by many as the most effective means to combine environmental sustainability with
the creation of jobs and the achievement of high growth rates (Pollin et al., 2008; UNEP,
2008; Committee on Climate Change, 2010). The second one is more concerned with the
behaviour of individuals, particularly in their role as members of a local socio-economic
community. The “green economy” pictured in this case is associated with the idea of sustainable local economies characterised by a reduced use of energy, locally-based production
and consumption, widespread skills and high levels of relational networks, rather than vast
investment projects managed at a central level. This vision is well embodied in civil society
by the rapidly expanding “Transition Towns” movement (Hopkins, 2011), whose objective
is the creation of resilient communities capable of proposing local responses to the interconnected challenges of climate change and the increasing scarcity of resources. Although the
development of a sound green economy would most probably need a balanced combination
of both the approaches presented above, this paper focuses on the latter, which has only
marginally been investigated by the economic literature until now.
With this aim, I investigate the dynamics of an economy with a “progressive” manufacturing sector and “stagnant” service sector having: a) a different ability to increase labour
productivity; b) a different impact on an open-access asset that enters as an argument the
households welfare function and that can be interpreted either as a environmental or a
social common resource. The service sector is here intended to represent those activities
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characterised by a strong attachment to the local community, high intensity of human
labour, reduced consumption of energy and low polluting emissions, which I name “green
services” (Victor and Jackson, 2011). What qualifies the stagnant sector as “green” is the
existence of negative externality on the common resource generated by the output of the
progressive sector, which can therefore be labelled as “dirty”. The technological index in the
progressive sector is modelled to be a function of a stock of public capital (infrastructure)
produced by the government and financed through the imposition of a tax on production.
An increase of the stock of public capital shifts the production function upwards, thus
raising the productivity of private capital. On the other hand, labour is assumed to be the
only input in the production of green services; consequently, no productivity increase ever
takes place in this sector.
I thus derive the balanced growth path (BGP) of the economy and show, for reasonable
parameter values, its saddle-path stability. Along the BGP, the public and private stock of
physical capital, as well as the output of the progressive sector, exhibit the same long-run
growth rate. In order to analyse the allocation of employment between the two sectors, I
present a numerical example of the transitional dynamics. To conclude, I investigate the
long-run effects of a change in some relevant parameters, and discuss the possibility of a
conflict between the achievement of higher growth rates and the expansion of the level of
welfare.

The remainder of the paper is organised as follows: section 2 introduces and discusses
the related literature; section 3 presents the structure of the model; section 4 derives the
conditions to have a stable balanced growth path and offers a numerical example of the
transitional dynamics; section 5 investigates the effects on long-run growth rate and welfare
of a change in some relevant parameters; section 6 concludes.
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2

Motivation and literature

2.1

A structural change towards green services

A wide literature exists dealing with the effects of a change in the sectoral composition of
both developing and developed economies. If, on one side, the shift of production inputs
from traditional sectors such as agriculture to modern manufacturing industries has been
indicated as one of the main drivers of economic development1 , the subsequent shrink of
industries in favour of services2 seems to be one of the causes of the recent decrease in
developed economies growth rates, due to the slower productivity growth that takes place
in the service sectors (Echevarria, 1997; Ngai and Pissarides, 2007).
Baumol (1967) has been the first to concentrate on the dichotomy, that characterises
all advanced economies, between “progressive” sectors, where a continuous increase in
the level of output per unit of labour occurs, and “stagnant” sectors, in which labour
productivity only sluggishly increase or remains stable. As the author points out, the most
relevant distinction between the two consists in the function played by human labour. In
manufacturing, labour is mainly an instrument, which, joint with other inputs such as
capital and energy, contributes to the production of goods. On the other hand, “there are
a number of services in which labour is an end in itself, in which quality is judged directly
in terms of amount of labour”. While the examples offered by Baumol (1967) are mainly
extracted from the world of culture or performing arts, I apply similar considerations to
what can be defined as “green services” (Jackson and Victor, 2011).
The stagnant sector in the model presented here is indeed a representation of a class
of service-based economic activities characterised by two main features: a) lower material
and energy intensities than the manufacturing average ones; and b) high labour intensity.
Both attributes are in general present in all the service sectors3 and this has already led
1

See, for instance, the seminal contribution of Lewis (1954).
In OECD countries the services share of GDP has increased from 55% in 1970 to 73% in 2008 (World
Development Indicators, available at data.worldbank.org).
3
See for example ONS (2010), Table 13.3 and 13.4.
2
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researchers to suggest that “goods must be converted as much as possible into services” if
environmental sustainability is to be achieved (Ayres, 2008). I here push these features to
the extreme, modelling the service sector as having no impact whatsoever on the environment and using labour as its only input of production. Examples of such activities could
be: “community energy projects, local farmers markets, slow food cooperatives, sports
clubs, libraries, community health and fitness centres, gardening, local repair, maintenance
and refurbishment services, craft workshops, writing centres, community music and drama,
local training and skills, hairdressing, gardening, and conservation”4 (Jackson and Victor,
2011). It is evident how in all these activities the labor input in the production of such
services can only be reduced by a very limited extent, as it constitutes the inner value that
qualifies the activity. As a consequence, the potential improvement of productivity levels
is very low.
This hypothesis is supported by data regarding sectoral productivity. Van Ark and
Woltjer (2008) show how in the EU15 the personal and social service sector5 has exhibited a
negative average growth rate of labor productivity during the period 1980-2005. The growth
rate in this sector has been lower than the average growth rate in the whole service sector,
which in its turn has been lower than the growth rate in the overall market economy6 . It is
also interesting to notice that, in the same period of time, the number of total hours worked
in the personal and social service sector has increased more than the average of all services,
which in its turn shows a higher growth rate of hours worked than the overall market
4
The classification of green services in terms of the International Standard Industrial Classification
is rather complicated. A non-exhaustive list of its sectors includes: Section P (Education); Section Q
(Human Health and Social Work Activities); Section R (Arts, Entertainment and Recreation); Section S
(Other Service Activities, among which are included: Activities of membership organisations, Repair of
personal and household goods, Other personal service activities) and Section T (Activities of Households
as Employers).
5
This includes: Hotel and restaurants; Other community, social and personal services; Private Households with employed persons.
6
More precisely, in the period 1980-1995 the annual average growth rate of labour productivity in the
personal and social service sector has been -0.5%, the growth rate in the whole service sector 1.4% and the
one in the overall market economy 2.5%. In the period 1995-2005 the growth rates have been -0.4%, 1%
and 1.5%, respectively.
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economy7 . The same pattern is confirmed by Acheson (2011) for the United Kingdom. In
the period 2000-2009 the labour productivity average annual growth rates have been equal
to -3.3% for the social and personal service sector and to -0.7% for the non-market service
sector8 , while the economy in its whole exhibits a low but positive growth rate (0.2%).
Also, the annual growth rates of total hours worked in both the personal and social service
sector and the non-market service sector are higher than the one in the overall economy
(1.4%, 1% and 0.2%, respectively). Von Ark et al. (2008) confirms low productivity growth
rates in the personal and social service sector also for the US, where its contribution to
average annual labour productivity growth has been equal to zero in the period 1980-1995
and to 0.2% in 1995-2004. Finally, McMillan and Rodrik (2011) point out how the sector
of community, social, personal and government services is the one with the lowest level of
labour productivity in five out of the nine high-income countries they analyse9 . Also, the
sector scores the lowest average labour productivity in the whole set of 38 developed and
developing countries they take into account, with the exception of agriculture.
To sum up, data seem to confirm the hypothesis that those sectors in which green
services would probably be classified exhibit both low absolute values of labour productivity
and low productivity growth rates, not only with respect to the manufacturing sectors but
also to the rest of service sectors.
7

In the period 1980-1995 total hours worked have increased by an annual average of 1.5% in the personal
and social service sector, by 1% in the service sector and have decreased by 0.3% in the overall market
economy. In 1995-2005 the growth rates have been 1.4%, 1.2% and 0.4%, respectively.
8
In Acheson (2011) the social and personal service sector includes: Other community, social and personal
services; Private households with employed persons; Extra-territorial organisations and bodies. The nonmarket service sector includes: Public administration, defence, compulsory social security; Education;
Health and social work.
9
More precisely, the community, social, personal and government service sector is the one with the lowest
labour productivity in France, Netherlands, Italy, Sweden and Denmark, while construction is the sector
with lowest productivity in the US and in Spain, agriculture in Japan and whole and retail trade in the
UK.
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2.2

The role of public capital

Public infrastructure has traditionally been considered as one of the fundamental drivers of
growth and development (World Bank, 1994). The public stock of physical capital increases
the efficiency and productivity of the private sector by allowing firms to transport goods
at decreasing costs, providing them with large amounts of energy and facilitating market
access through information and communication technology (ICT)10 . The development and
modernisation of infrastructure has always been a crucial strategy adopted by policymakers as a means to foster economic growth. For instance, the expansion of transport,
energetic and ICT infrastructure is one of the crucial objectives of the “Europe 2020”
strategy (European Commission, 2010). The American Jobs Act, the US government plan
to re-launch the its economy unveiled in September 2011, indicates the modernisation of
infrastructure (especially transportation one) as one of its key points11 .
On a more theoretical level, the role of public capital has been extensively investigated in the economics literature (for a survey: Romp and de Haan, 2007). The seminal
contribution of Barro (1990) was the first to introduce government spending in an endogenous growth framework, by inserting a flow of public expenditures as an argument in the
firms production function. Such specification was easily tractable but could not be used
to analyse government investment spending, since there was no stock to be accumulated.
Subsequent contributions therefore introduced public capital12 in the production function
(Fugatami et al., 1993; Fisher and Turnovsky, 1998) and examined its effect on the private
capital accumulation dynamics. More recently, models with two-sectors economies have
been used to study the relationship between public investments and the allocation of pro10
A variety of channels exist through which infrastructure can affect growth rates, both in a positive
and negative manner (see Agenor and Moreno-Dodson, 2006, for a detailed overview). However, the great
majority of empirical tests find a beneficial effect of the presence of infrastructure on growth, which is
particularly strong in low-income countries (Estache, 2007; Romp and de Haan, 2007).
11
The Act is available at www.americanjobsact.com.
12
In the real world the public stock of capital does not coincide with the overall amount of infrastructure,
as private firms often provide infrastructure as well. However, as noted by Estache (2007), “ the role of the
large scale private sector in the delivery of infrastructure services in energy, water or transport is far from
being as widespread as many had hoped for”.
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duction inputs among sectors (Agenor, 2006; Turnovsky and Pintea, 2006; Felice, 2009).
The model presented here draws from this research line, as a stock of public capital is
introduced into the production function of the progressive manufacturing sector so that an
increase in infrastructure raises the sectoral technological index, as in Turnovsky (1997),
Chatterjee et al. (2003), Felice (2009) and Agenor (2010).
The choices regarding public investments in infrastructure are also likely to have important consequences for the overall impact of the economic system on the environment. Given
the strong path-dependence of infrastructure, decisions concerning the kind of investment
to implement usually affect the average “cleanliness” of technology over many years. Recently, attention has been put over the role that governments could play in delivering a
resource-efficient and low-carbon infrastructure network (OECD, 2011; UNEP, 2011). In
order to simplify the analysis and concentrate on the green service sector, I exclude the
possibility for the government to invest in “clean” infrastructure. This does not hinder the
explicative power of the model regarding the environmental effects of a structural change,
since the government is still allowed to invest in infrastructure enhancing the productivity
of the manufacturing sector, the production of which has a negative externality on the
common resource.

2.3

Growth as a substitution process

The model presented here has close connections also with a third strand of research, embodied in a cluster of models that discuss the effects on economic growth and welfare of
the substitution process between private market goods and open-access resources (Bartolini
and Bonatti, 2002; 2006; 2008; Antoci et al., 2007). Two main features characterise these
models. The first is the presence of a free open-access resource that cannot be produced
and whose stock is negatively affected by the level of economic activity. The common
asset can be either interpreted as an index of environmental quality or as a measure for
social capital and relational networks, both of which are likely to suffer from some kind
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of negative externality originated by the market economic activity13 . The second feature
is that the common asset enters the individuals’ welfare function in combination with the
consumption of privately-owned goods, in such a way that a same level of utility can be
attained by substituting the flow of services obtained by using the free common resource
with the consumption of more expensive market goods (and vice versa).
Therefore, when the increase in economic activity exerts its negative influence on the
common resource, individuals react to its degradation by substituting it with a larger
amount of private consumption14 . In order to afford market goods individuals decide to
increase their labour supply, thus generating growth and, consequently, greater negative
externalities on the common asset. Furthermore, longer work hours gives an additional incentive to marketize a number of activities that could be produced at home, thus expanding
economic activity and reinforcing the vicious cycle15 .
In this paper a similar approach is adopted. A depletable common asset is introduced
into the representative household utility function in combination with the consumption
of goods produced by the manufacturing progressive sector. Along the balanced growth
path of the economy a substitution process takes place between environmental quality and
material consumption, thus leaving the level of welfare at a steady value.

3

The model

I consider an economy in discrete time with an infinite time horizon. The economy is
populated by three types of agents: households, firms and the government. Agents expec13

For a review of the interactions between growth and environment, see Brock and Scott Taylor (2005)
and Xepapadeas (2005). As for the potentially negative effects of economic activity on social capital, see
Hirschman(1982) and Putnam (2000).
14
There are many examples: degraded urban environments stimulate the demand for touristic travels;
the scarcity of free public spaces accelerates the diffusion of more expensive home entertainment; polluted
streets induce individuals to subscribe to private fitness centres; a decline in social capital and trust gives
rise to formal mechanisms of control and enforcement (Bartolini and Bonatti, 2008); and so on.
15
Pissarides (2007) refers to the differences in home production activities between European countries
and the US to explain a part of the European employment gap.
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tations are rational. I assume the existence of a “progressive” sector where total factor
productivity is affected by the stock of public capital, and of a “stagnant” sector where
labour is the only input and there is no productivity growth. The good produced in the
progressive sector is used as the numeraire of the system. All markets are assumed to be
perfectly competitive. In particular, it is assumed that labor is homogenous and can freely
move across the two sectors.

3.1

Households

For simplicity and without loss of generality, I assume a constant and large number (normalised to one) of identical households who take into account the welfare and resources of
their actual and prospective descendants. Following Barro and Sala-i-Martin (1995), I thus
assume that the current generation maximises utility over an infinite time horizon. That
is, although individuals have finite lives, the model considers the existence of immortal
“dynasties”. The period utility Ut of the representative household is the following:
Ut = β ln(Xt ) + (1 − β) ln(lt ),

0<β<1

(1)

where Xt represents a flow of services generated by some household activity, and lt is the
time that households devote to leisure. Xt is produced by the representative household
according to the following consumer technology:
1−µ
Xt = (Rt Ct )µ CS,t
,

0<µ<1

(2)

where Rt is an open-access resource that cannot be produced, Ct is the consumption of
the good produced in the progressive sector and CS,t is the consumption of the good
produced in the stagnant sector. Equation (2) can be interpreted in the following way:
the representative household draws utility from the consumption of market private goods
(Ct ), which however, in order to be enjoyed, need to be combined together with a common
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resource (environment, air, relational networks, social values, etc.) of which everyone can
freely make use; in its turn, this bundle of consumption services is combined with the
activities originating from the green service sector. It is worth noting that the household
can obtain utility from consumption if and only if Rt Ct and CS,t are strictly positive.

∞ 
∞ 
∞
In each period t the representative household chooses Ct 0 , CS,t 0 , Lt 0 and

∞
Kt+1 0 in order to maximise:
∞
X

θ t Ut ,

0<θ<1

(3)

t=0

subject to a budget and a time constraint:
wt Lt + rt Kt + πC,t + πS, t + (1 − δ)Kt ≥ Ct + Pt CS,t + Kt+1 + Tt

(4)

lt + L t ≤ 1

(5)

where Lt is labour supply, Kt are the productive assets (capital) held by the representative
household in t, θ is a time-preference parameter, wt is the wage rate, rt is the rental rate on
capital, πC,t and πS,t , are, respectively, the profits that the representative household gets
from the firms operating in the progressive sector and from those operating in the stagnant
sector (the households are assumed to be the owners of the firms), δ is the rate at which
capital depreciates, Pt is the relative price of the green good, and Tt are the taxes paid to
the government. Finally, notice that the households total time endowment is normalised
to 1.

3.2

Production

Two goods are produced in the economy in each period t: a good YC,t produced in the
progressive sector and a good YS,t produced in the stagnant sector. While YS,t is entirely
consumed, YC,t can be consumed, reinvested in production or transferred to the govern-
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ment. In both sectors I assume the existence of a fixed and large number (normalised to
one) of identical and perfectly competitive firms. Good YC,t is produced according to the
following technology:
YC,t =



KC,t
Kt

α

Kt LαC,t ,

0<α<1

(6)

where Kt is the amount of capital rent by the representative firm operating in the progressive sector, LC,t is the amount of labour used in the production of YC,t and KC,t represents
the public capital stock. The functional form of the production function used here is similar to Turnovsky (1997), Chatterjee et al. (2003), Felice (2009) and Agenor (2010). An
increase of the stock of public capital shifts the production function upwards, thus raising
the productivity of private capital, though at a diminishing rate. Transport infrastructure is a typical example: a well developed network of highways and railways facilitates
the movement of both final and intermediate goods and services thus lowering production
costs. Similar considerations can be applied to ICT networks and energy infrastructure.
Alternatively, public capital can be considered as a third factor of production16 .
In each period, the representative firm operating in the progressive sector employs
labour and rents capital in order to maximise its profits πC,t , where:
πC,t = YC,t − wt LC,t − rt Kt

(7)

Good YS,t is produced according to the following technology:
YS,t = LγS,t , 0 < γ < 1,

(8)

where LS,t is the amount of labour employed in the stagnant sector.
As discussed in section 2.1, YS,t can be interpreted as those services for which human
labour constitutes the crucial input that creates utility. These are typically services pro16

As argued by Romp and de Haan (2007) the two interpretations are equivalent when a Cobb-Douglas
technology is used.
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duced, exchanged and consumed at a community level, thus involving a relatively small
deployment of both private and public physical capital. Labour productivity levels are
low, as the potential productivity growth rate. Moreover, these services require a negligible use of material and energetic resources when compared to the manufacturing sector,
thus allowing me to classify them as “green”. Hence, one can argue that improvements
of transport and energy infrastructure have a negligible impact on the productivity of the
sector producing these services, which can legitimately treated as stagnant.
The profits πS,t of the representative firm in the green service sector are:
πS,t = Pt YS,t − wt LS,t

3.3

(9)

The government

The government invests a fixed fraction τ of the value added generated by the progressive
sector in the creation of public capital. This investment is entirely financed by the tax
revenues. Thus, the stock of public infrastructure evolves according to:
KC,t+1 = τ YC,t + (1 − δ)KC,t

(10)

τ YC,t = Tt

(11)

where

Notice that for simplicity and without loss of generality the rate of depreciation of KC,t
is assumed to be identical to the depreciation rate of private capital.

3.4

The common resource

The representative household derives some utility from the existence of an environmental
asset Rt , whose stock is negatively affected by the production of the progressive good YC,t .
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In particular we specify the following functional form for the dynamics of Rt :


Rt YC,t
Rt+1 − Rt = χRt 1 −
,
E0

χ > 0, E0 > 0, R0 given.

(12)

where χ represents the intrinsic growth rate of the resources and E0 is the carrying capacity
of the environment. Equation (12) is a modified version of the logistic growth function,
a widely used functional form to describe the dynamics of renewable resources. It is here
adjusted through the introduction of the output of the manufacturing sector in a way that
a higher production of YC,t negatively affects the evolution of R.

3.5

Market-clearing conditions

Equilibrium in the product markets requires, respectively:
(1 − τ )YC,t = Ct + Kt+1 − (1 − δ)Kt ,

(13)

YS,t = CS,t .

(14)

and

Equilibrium in the labour market requires:
Lt = LC,t + LS,t

(15)

Equilibrium in the capital market requires:
Kts = Ktd

(16)

where Kts is the capital supplied by the households in period t and Ktd is the capital
demanded by the firms operating in the progressive sector.
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4

The balanced growth path and the transitional dynamics

4.1

Firms optimising behaviour

In a perfectly competitive equilibrium, the rental rate on capital rt to capital is equal to
its marginal productivity:
rt = (1 − α)



KC,t
Kt

α

LαC,t

(17)

In equilibrium, the following condition regarding the wage rate wt must hold:
wt =

αLα−1
C,t



KC,t
Kt

α

γ−1
Kt = Pt γLS,t

(18)

Equation (18), together with the market clearing condition (15), can be used to obtain
an expression for the relative price Pt along an equilibrium path:
α
Pt =

4.2



KC,t
Kt

α

Kt (Lt − LC,t )1−γ

1−α
γLC,t

(19)

The Balanced Growth Path

By solving the households’ optimisation problem it is possible to find a system of three


K
, Zt ≡ Rt Kt and Lt , that governs the equilibrium path
difference equations in Qt ≡ KC,t
t
of the economy (see Appendix A):

Φ(Qt+1 , Qt , Lt ) = Qt+1 [1 + ω(Qt , Lt )] − t[Qt f (Lt )]α − (1 − δ)Qt = 0

(20)



Zt+1
Zt Qt Lt
Λ(Zt+1 , Qt , Lt , Zt ) =
− Zt − χZt 1 −
1 + ω(Qt , Lt )
E0

(21)

Ψ(Qt+1 , Lt+1 , Qt , Lt ) =

Qαt (1 − Lt )
θ {1 − δ + (1 − α)Qαt [f (Lt )]α } −
[f (Lt )]1−α
Qα (1 − Lt+1 )
− t+1
[1 + ω(Qt , Lt )] = 0
[f (Lt+1 )]1−α
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(22)

where
f (Lt ) = LC,t = Lt −

βγ(1 − µ)
(1 − Lt )
1−β

(23)

and
ω(Qt , Lt ) =

Kt+1 − Kt
αβµQαt (1 − Lt )
= (1 − τ )Qαt [f (Lt )]α −
−δ
Kt
(1 − β)[f (Lt )]1−α

(24)

An equilibrium path of the economy must also satisfy the transversality condition:
lim θt

t→∞

(1 − β)[f (Lt )]1−α
=0
αQαt (1 − Lt )

(25)

Along the balanced growth path (BGP) one must have Lt+1 = Lt = L, Qt+1 = Qt = Q
and Zt+1 = Zt = Z in the system (20)-(22), where:



Q = q(L) = 


(1 − δ)(1 − θ)
θ(1 − α)[f (L)]α − (1 − τ )[f (L)]α +

αβµ(1 − L)
(1 − β)[f (L)]1−α


E0
χ + (1 + χ)ω[q(L), L]
,
Z = z(L) =
1 + ω[q(L), L]
χq(L)L


1/α




(26)

(27)

and L is implicitly defined by:
q(L)[1 + ω[q(L), L]] = τ [q(L)f (L)]α + (1 − δ)q(L)

(28)

One can show that, for reasonable parameter values, a BGP characterised by Q∗ > 0,
Z ∗ > 0, L∗ > 0 exists. By linearizing the system (20)-(22) around this BGP, one can also
produce numerical examples for which (Q∗ > 0, Z ∗ > 0, L∗ > 0) is saddle-path stable (see
Appendix B).
Along its BGP, the stock of private physical capital K ∗ , the stock of public infrastructure KC∗ and the output of the progressive sector YC∗ all exhibit the same growth rate,
equal to ω ∗ . As a result, the ratio between public and private capital Q∗ remains constant.
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Moreover, along a BGP, the employment levels in the two sectors and the output of the
green sector YS,t also remain stable. Therefore, it is not surprising that along a BGP the
cost of green services in units of the good produced in the progressive sector, Pt , increases
without limits.

4.3

Transitional dynamics: a numerical example

I study the structural adjustments taking place along the transitional path converging to a
BGP by a numerical example. Let α = 0.7, β = 0.6, γ = 0.75, µ = 0.5, τ = 0.1, θ = 0.925
and δ = 0.040657. In this case a BGP exists and is characterised by Q∗ = 0.959596,
Z ∗ = 1.308989, L∗ = 0.55, entailing a growth rate of private (and public) stock of capital
ω ∗ = 0.002612. Linearizing the system around (Q∗ , Z ∗ , L∗ ) one can find its characteristics
roots: λ1 = 0.807329, λ2 = 0.607993 and λ3 = −1.684844). Such values imply that the
system is saddle-path stable. The linearized system characterizes a unique path converging
to (Q∗ , Z ∗ , L∗ ), which is is governed by:
Qt − Q∗ = D1 c11 λt1 + D2 c12 λt2

(29)

Zt − Z ∗ = D1 c21 λt1 + D2 c22 λt2

(30)

Lt − L∗ = D1 c31 λt1 + D2 c32 λt2

(31)

where
 
0
   
   
c12  = 1
   
c13
1


c11



and








−0.956617
  

  

c22  = 

1
  

c23
−0.140976
c21

are the characteristic vectors associated with, respectively, λ1 and λ2 ; and D1 and D2
are constants whose values are to be determined. What happens during the transition
to the BGP depends on the initial values of Q and Z. In particular, in the numerical
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example considered, the dynamics of the employment levels in the two sectors depends
on whether Q0 is higher or lower than its BGP value Q∗ (see Appendix C). Consider
Q0 = 1.5 and Z0 = 2. In this case D1 = 0.255922, D2 = −0.564911, L0 = 0.62963 and
f (L0 )
L0

= 0.669131 >

f (L∗ )
L∗ .

That is, for these numerical values the employment level of the

manufacturing sector decreases during the transition. Simultaneously, employment in the
green service sector expands.

5

Long run effects of a change in some relevant parameters

5.1

Long run effects of a change in τ

I now consider a marginal increase in τ , i.e. in the fraction of the output of the progressive
sector that the government employs in the creation of public capital.
Using the equation that defines the dynamics of private capital and (22) one can find
that:
l(Q, L, τ, µ) = [Qf (L)]

α




αβµ(1 − L)
− (1 − δ)(1 − θ) = 0
θ(1 − α) − 1 + τ +
(1 − β)f (L)

(32)

Given the parameter values of section 4.3 and using the implicit function theorem it is
possible to compute that:
∂L
∂τ

L=L∗

∂l(Q, L, τ, µ)
∂τ
=−
∂l(Q, L, τ, µ)
∂L

L=L∗

>0

(33)

L=L∗

Using (33) one can find the marginal effect of an increase in τ on the BGP values of
∂ω
> 0. That is, in this
all the other variables. In particular, one can show that
∂τ ω=ω∗
numerical example an increase in the fraction of YC,t invested by the government has a
positive effect on the long-run growth rate. By rewriting (1) as
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∗

U = β ln

(

αβµQ∗ Z ∗ (1 − L∗ )
(1 − β)[f (L∗ )]1−α

µ 

βγ(1 − µ)(1 − L∗ )
1−β

γ(1−µ) )

+ (1 − β) ln(1 − L∗ ) (34)

∂U
< 017 .
∂τ U =U ∗
This example shows that a permanent increase in τ , namely in the investment expendi-

it is also possible to show that

tures in public infrastructure, does have a positive impact on the economy long-run rate of
growth, as suggested by the literature (see section 2.2). Nevertheless, at the same time the
steady-state level of households welfare is negatively affected by such an increase because
of the longer hours of work that it involves. Also, an increase in τ expands the employment
share of the dirty sector along the BGP.

5.2

Long run effects of a change in µ

I now investigate the effects of a marginal change in µ, i.e. the parameter that determines
the relative importance of the “progressive” good with respect to the green service in
generating utility for the households. Interpreting equation (2) as a household production
function á la Becker, a change in µ affects the relative efficiency with which the inputs
(Rt , Ct and CS,t ) contribute to the production of Xt . For instance, an increase in µ can
capture a technological change making the manufactured goods relatively more efficient in
satisfying consumers needs and desires.
By adopting the same steps used in section 5.1 it is possible to show that

∂L
∂µ

> 0,
L=L∗

∂ω
∂U
> 0 and
< 018 . In other words, a marginal rise in µ, has both a positive
∂µ ω=ω∗
∂µ U =U ∗
impact on long-run growth and a negative effect on the households steady-state utility.
17
18

More precisely,
More precisely,

∂L
∗
|
∂τ L=L
∂L
∗
|
∂τ L=L

= 0.275629,
= 0.281110,

∂ω
∗
|
∂τ ω=ω
∂ω
∗
|
∂τ ω=ω

= 0.426771 and
= 0.055143 and
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∂U
∗
|
∂τ U =U
∂U
∗
|
∂τ U =U

= −0.236658.
= −0.778697.

6

Conclusions

The aim of the paper was to investigate the dynamics of an economy with two productive
sectors having: a) a different capability of achieving increases in labour productivity; b)
a different impact on an open-access resource whose stock enters as an argument in the
households welfare function. Such a dichotomy is intended to represent the increasingly
evident presence of a class of goods and services characterised by a strong attachment
to the local milieu, high intensity of human labour and dedication, reduced consumption
of material resources, and low polluting emissions. These activities - which I here name
“green services” (Victor and Jackson, 2011) - typically exhibit low (or negative) growth
rates in labour productivity as a result of the crucial importance of non-substitutable
human participation in the production process.
For this reason, I built an endogenous growth model with a “progressive” sector and
“stagnant” sector producing green services. Total factor productivity in the progressive
sector is modelled to be a function of a stock of public capital (infrastructure) accumulated
by the government and financed through the imposition of taxes on the households. An
increase of the stock of public capital shifts the production function upwards, thus raising
the productivity of the inputs used in the progressive sector. On the other hand, labour
constitutes the one and only input for the production of green services; consequently, no
productivity increase ever takes place in this sector. What qualifies the stagnant sector as
“green” is the different influence that the goods and services produced in the two sectors
have on a freely accessible open resource that can be interpreted either as an environmental
or a social common asset. This is assumed to behave as a renewable resource, and to be
negatively affected by the production of the progressive sector.
I derived the condition to be satisfied along the economy equilibrium path and showed,
for reasonable parameter values, that the balanced growth path of the economy is saddlepath stable. The public and the private stock of capital, as well as the output of the
progressive sector, exhibit the same long-run growth rate, and the allocation of employment
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across the two sectors stabilizes along the balanced growth path. In order to analyse the
structural change that takes place along the transition path converging to the economy
BGP, I presented a numerical example in which employment tends to expand in the green
service sector.
Finally, I used the same numerical example to investigate the long-run effects of a
change in some relevant parameters. A marginal increase in the fraction of the output of the
progressive sector devoted by the government to investments in new public infrastructure,
generates a positive effect on long-run growth but at the same time it is likely to affect
negatively the steady-state welfare. Similarly, an increase in the technological parameter
entering the household production function, that can be interpreted as an improvement in
the relative efficiency of material goods in generating consumption services (for instance,
through an improvement of the technological content embodied in private market goods)
boosts long-run growth and simultaneously depresses the households steady-state level of
utility.
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A

Derivation of the system (20)-(22)

The problem of the representative household can be solved by maximising
∞
X

1−µ
θt β ln[(Rt Ct )µ CS,t
] + (1 − β) ln(1 − Lt )+
t=0

+ λt [wt Lt + rt Kt + πt + (1 − δ)Kt − Ct − Pt CS,t − Kt+1 − Tt ]

(A.1)

with respect to Ct , CS,t , Lt , Kt+1 and λt , where λt is a lagrangian multiplier, thus obtaining

βµ
= λt
Ct

(A.2)

β(1 − µ)
= λ t Pt
CS,t

(A.3)

λt = λt+1 θ(1 − δ + rt )

(A.4)

1−β
= λt w t
1 − Lt

(A.5)

and the budget constraint.
A transversality condition must also be respected in equilibrium:
lim θt λt Kt = 0

t→∞

(A.6)

Using (A.2), (A.5) and (17) one can find an expression for Ct :
Ct =

αβµQαt Kt (1 − Lt )
1−α
(1 − β)LC,t

(A.7)

Using (A.2), (A.3), (8), (19) and (A.7) it is possible to find (23).
Substituting equations (6), (A.7) and (23) into the dynamics of private capital allows
to obtain (24).
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Using equations (A.2), (17), (A.7), (24) and (23) one can rewrite (A.4) as 20.
From the dynamics of public capital (10) is then possible to obtain (21).
Finally, using (6), the dynamics of the common resource (12) can be written as (22)

B

Stability of the BGP

In order to analyse the stability of system (20)-(22) one can linearize it around (Q∗ > 0,
Z ∗ > 0, L∗ > 0):


Qt+1 − Q∗



a11 a12 a13




 


 

∗
 Zt+1 − Z  = a21 a22 a23 

 

∗
a31 a32 a33
Lt+1 − L

where

ΦQ t
ΦQt +1
ΛQ t
a21 = −
ΛZt+1
ΨQt+1 ΦQt
Ψ Qt
+
=−
ΨLt+1
ΨLt+1 ΦQt+1
a11 = −

a31



and:
ΦQt+1 = 1 + ω(Qt , Lt )
ΦQt = Qt+1 ωQt (Qt , Lt ) − ατ Qα−1
[f (Lt )]α − 1 + δ
t
ΦLt = Qt+1 ωLt (Qt , Lt ) − ατ Qαt [f (Lt )]α−1 fLt (Lt )
ΛZt+1 =

1
1 + ω(Qt , Lt )

ΛQt = −

Zt+1 ωQt (Qt , Lt )
Zt2 Lt
+
χ
[1 + ω(Qt , Lt )]2
E0
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ΦL t
ΦQt +1
ΛLt
a23 = −
ΛZt +1
ΨQt+1 ΦLt
Ψ Lt
=−
+
ΨLt+1
ΨLt+1 ΦQt+1
a13 = −

ΛZ t
ΛZt+1

a32 = 0







∗
 Zt − Z 


∗
Lt − L

a12 = 0
a22 = −

Qt − Q∗

a33

ΛZt = 2χ

ΛLt = −

Zt Qt Lt
−1−χ
E0

Zt2 Qt
Zt+1 ωLt (Qt , Lt )
+
χ
[1 + ω(Qt , Lt )]2
E0

ΨQt+1 = −

α−1
(1 − Lt+1 )
αQt+1
[1 + ω(Qt , Lt )]
[f (Lt+1 )]1−α

ΨLt+1 = [1 + ω(Qt , Lt )]Qαt+1 {(α − 1)(1 − Lt )[f (Lt+1 )]α−2 fLt+1 (Lt + 1) − f (Lt+1 )α−1 }
ΨQt = αθ(1−δ)

Qα (1 − Lt+1 )ωQt (Qt , Lt )
Qα−1
(1 − Lt )
t
2α−1 − t+1
+2αθ(1−α)(1−L
)[Q
f
(L
)]
t
t
t
[f (Lt )]1−α
[f (Lt+1 )]1−α

ΨLt = θ(1 − δ)Qαt {(α − 1)(1 − Lt )[f (Lt )]α−2 fLt (Lt ) − f (Lt )α−1 }+
2α−2
+ θ(1 − α)Q2α
fLt (Lt ) − f (Lt )2α−1 }−
t {(2α − 1)(1 − Lt )[f (Lt )]

−

Qαt+1 (1 − Lt+1 )ωLt (Qt , Lt )
[f (Lt+1 )]1−α

where:
fLt = fLt+1 = 1 +

βγ(1 − µ)
1−β

[f (Lt )]α −
ωQt (Qt , Lt ) = α(1 − τ )Qα−1
t

α2 βµQtα−1 (1 − Lt )
(1 − β)[f (Lt )]1−α

ωLt (Qt , Lt ) = α(1−τ )Qαt [f (Lt )]α−1 fLt (Lt )−

αβµQαt
[(α−1)(1−Lt )[f (Lt )]α−2 fLt (Lt )−[f (Lt )]α−1 ]
1−β

and all derivatives must be evaluated at (Q∗ > 0, Z ∗ > 0, L∗ > 0). The characteristic
equation of the system is:
λ3 − tr(A)λ2 + m(A)λ − det(A)
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(B.1)

where tr(A), c(A) and det(A) are, respectively, the trace, the sum of the principal minors
and the determinant of matrix A. The solutions λ1 , λ2 and λ3 are the eigenvalues of A.
Consider the following numerical example, where α = 0.7, β = 0.6, γ = 0.75, µ = 0.5,
τ = 0.1, θ = 0.925 and δ = 0.040657. In this case Q∗ = 0.959596, Z ∗ = 1.308989, L∗ = 0.55
and the growth rate of private (and public) stock of capital is ω(Q∗ , L∗ ) = 0.002612. The
values of the roots of the characteristic equation (λ1 = 0.807329, λ2 = 0.607993 and
λ3 = −1.684844) implies that the system is saddle-path stable.

C

Discussion of initial values

For t=0 system (29)-(31) becomes:
Q0 − Q∗ = D1 c11 + D2 c12

(C.1)

Z0 − Z ∗ = D 1 + D2

(C.2)

L0 − L∗ = D1 c31 + D2 c32

(C.3)

Solving the system for D1 , D2 , L0 gives:
D2 =

Q0 − Q∗ − (Z0 − Z ∗ )c11
c12 − c11

(C.4)

D 1 = Z0 − Z ∗ − D 2

(C.5)

L0 = D1 c31 + D2 c32 + L∗

(C.6)

To have a increasing share of employment in the green service sector during the tranf (L∗ )
f (L0 )
. By substituting (C.4), (C.5) and (C.6)
>
sition to the BGP one must have
L0
L∗
into (23), it is possible to show that this is satisfied only if Q0 > Q∗ .
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